Abstract: Using the AdS/CFT correspondence, we study the high-energy behavior of colorless dipole elastic scattering amplitudes in N = 4 SYM gauge theory through the Wilson loop correlator formalism and Euclidean to Minkowskian analytic continuation. The purely elastic behavior obtained at large impact-parameter L, through duality from disconnected AdS 5 minimal surfaces beyond the Gross-Ooguri transition point, is combined with unitarity and analyticity constraints in the central region. In this way we obtain an absolute bound on the high-energy behavior of the forward scattering amplitude due to the graviton interaction between minimal surfaces in the bulk. The dominant "Pomeron" intercept is bounded by α ≤ 11/7 using the AdS/CFT constraint of a weak gravitational field in the bulk. Assuming the elastic eikonal approximation in a larger impact-parameter range gives 4/3 ≤ α ≤ 11/7. The actual intercept becomes 4/3 if one assumes the elastic eikonal approximation within its maximally allowed range L exp Y /3, where Y is the total rapidity. Subleading AdS/CFT contributions at large impact-parameter due to the other d = 10 supergravity fields are obtained. A divergence in the real part of the tachyonic KK scalar is cured by analyticity but signals the need for a theoretical completion of the AdS/CFT scheme.
Introduction
From the point of view of the microscopic theory, the problem of high-energy soft (i.e., at small transverse momentum transfer) hadronic elastic amplitudes has yet remained essentially unsolved. Indeed, it involves the non perturbative regime of the underlying Quantum Chromodynamics field theory (QCD) at strong coupling, which, apart from lattice calculations, is beyond reach at the moment. However, some fundamental properties have been known since a long time, coming from the S-matrix formalism, and they are expected to hold for a consistent quantum field theory. They are Unitarity, coming from the conservation of probabilities, and Analyticity. These properties, combined with the existence of a "mass gap" in the asymptotic particle spectrum, lead to the celebrated Froissart bound for the total cross section [1, 2, 3] , which corresponds (up to logarithms) to an intercept not greater than 1 for the leading Regge singularity, usually called the "Pomeron". To be more precise, in terms of the impact-parameter ( b) and rapidity (Y ) dependence of the partial elastic amplitude a(Y, b), unitarity gives a bound on Im a ≤ 2 (in standard units), while confinement provides a bound on the impact-parameter radius L ∝ Y. Both ingredients enter the derivation of the Froissart bound.
Recently, a new tool for dealing with soft amplitudes has appeared, namely the Gauge/Gravity duality, whose precise realization has been first found [4, 5, 6, 7] within the formalism of the AdS/CFT correspondence. Generally speaking, Gauge/Gravity duality is expected to relate a strongly coupled gauge field theory with a "weakly coupled" 5-dimensional supergravity limit of a 10-dimensional string theory. This raises the hope to find a solution by mapping high-energy amplitudes into supergravity by duality. In the realization of the AdS/CFT correspondence, the gauge theory is the N = 4 supersymmetric Yang-Mills (SYM) gauge theory, which is a conformal field theory and thus non-confining: the result should then differ from what is found in a confining theory like QCD. However, attacking the problem of soft amplitudes in this context may be a useful laboratory for further developments in QCD. Indeed, the study of soft high-energy scattering amplitudes in N = 4 SYM using the AdS/CFT correspondence, and more generally Gauge/Gravity duality, has attracted much attention in the literature [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25] .
In the conformal case there is no mass gap, and thus the Froissart bound is not expected to be valid for N = 4 SYM theory. However, unitarity and analyticity are still expected to hold, and so it is interesting to examine the question of high-energy bounds in this context. Indeed, in the perspective of applying the same tools to gauge theories more similar to QCD, it is worthwhile to learn more from the precise "laboratory" furnished by the AdS/CFT correspondence. For this sake we shall use together unitarity, analyticity and the AdS/CFT correspondence to give a precise account of soft high-energy elastic amplitudes in the N = 4 supersymmetric gauge theory.
The difficult problem one is faced with when using the AdS/CFT correspondence is that it applies to the planar, large-N c limit of the gauge theory. This planar approximation corresponds to purely elastic contributions since there is no particle production, and so it does not take into account the contribution of inelastic multiparticle channels, which are an essential feature for determining soft high-energy amplitudes. However, the analytic continuation from Euclidean to Minkowskian space may generate inelasticity for the scattering amplitude (see Ref. [9, 10] ).
Our guideline is to circumvent this difficulty by combining the knowledge one can obtain from AdS/CFT in the region of applicability of the supergravity approximation, i.e., the large impact-parameter region where the amplitude is essentially elastic, with the constraints coming from analyticity and unitarity which are expected to hold for gauge field theories.
To be specific we shall consider the following ingredients:
• The rôle of massive quarks and antiquarks (Q,Q) in the AdS/CFT correspondence will be played, as in [26, 27] , by the massive W bosons arising from breaking U (N + 1) → U (N ) × U (1), where one brane is considered away from the N → ∞ others. Hence, the role of hadrons will be devoted to "onia" defined as linear combinations of QQ colorless "dipole" states [28, 29, 30, 31] of average transverse size | R| , which sets the scale for the onium mass.
• The dipole amplitudes will be defined through correlators of Wilson loops in Euclidean space, in order to avoid the complications of the Lorentzian AdS/CFT correspondence (see e.g. [32] ). Hence, we will start from the Euclidean formulation of the problem, and then perform an analytic continuation [33, 34, 35, 36, 37, 38, 39 ] to obtain the physical quantity in Minkowski space [40, 41, 42, 43, 44] .
• The AdS/CFT correspondence will allow to relate the calculation of the Euclidean Wilson loop correlator to a minimal surface problem in the Anti de Sitter bulk, which has been solved [8] at large impact-parameter distance L using the knowledge of (quasi-)disconnected minimal surfaces, connected by supergravity fields propagating in the bulk. This is the solution of the minimal surface problem beyond the GrossOoguri transition point [45, 46] .
• After analytic continuation, this result will lead to an estimate of cross sections and elastic amplitudes at large impact parameter. Combined with unitarity and analyticity to fix a bound in the lower impact-parameter domain, it will lead to a determination of new energy bounds on the forward elastic amplitudes, or, equivalently, on the total cross sections in N = 4 SYM .
Note that we base our analysis on the use of minimal surface solutions in AdS space with Euclidean signature [8, 9, 10] . More recently, the use of minimal surfaces in AdS space with Minkowskian signature for two-and many-body gluon scattering has been developed (see [47, 48] and references therein). In the present work we stick to the study of soft scattering amplitudes for colorless states.
The plan of the paper is as follows. In section 2, we formulate the amplitudes in terms of Wilson loop correlators in Euclidean space, where the AdS/CFT correspondence is applied, and we define properly the analytic continuation to the physical Minkowski space. In section 3 we derive the formulation of the AdS/CFT minimal surface solution [8] for the impact-parameter dependent amplitudes valid at large impact-parameter (extended to unequal dipole sizes). In the following section 4, the impact-parameter domain for the applicability of the AdS/CFT correspondence is determined from the weak gravitational field constraint in the AdS dual. Together with unitarity constraints it allows us, in section 5, to determine an absolute bound on the high-energy behavior of total cross sections and thus on the leading "Pomeron" intercept of the forward elastic amplitude. We briefly discuss subleading contributions, among which the next-to-leading, parity-odd one corresponds to the "Odderon" in N = 4 SYM theory. In section 6, we summarize our main results, compare them with existing studies and propose an outlook on future related studies.
Elastic amplitudes from Euclidean Wilson Loop correlators
In order to obtain information on high-energy elastic scattering amplitudes at strong coupling, we will follow the approach of [8] to evaluate them through the Gauge/Gravity correspondence, making use of minimal surfaces in the gravity bulk. The specific tool we will use is the AdS/CFT correspondence, which allows to evaluate a certain Wilson-loop correlation function in N = 4 SYM theory in Euclidean space through its gravitational dual, together with analytic continuation into the physical Minkowski space, where this correlator corresponds to a dipole-dipole elastic scattering amplitude. In this Section we briefly describe the Wilson loop formalism [40, 41, 42, 43, 44] , and the analytic continuation required to relate Euclidean and Minkowskian quantities [33, 34, 35, 36, 37, 38, 39] . In the eikonal approximation, dipole-dipole elastic scattering amplitudes in the high energy limit and at small momentum transfer (the so-called soft high-energy regime) can be conveniently expressed in terms of the normalized connected correlator C M of Wilson loops in Minkowski space [41, 42, 43, 44] A(s, t;
where t = − q 2 , q being the transverse transferred momentum (here and in the following we denote with v a two-dimensional vector), and the Wilson loops follow the classical straight-line trajectories for quarks (antiquarks, in parenthesis) [49] :
Here u The amplitude (2.1) corresponds to the scattering of colorless quark-antiquark pairs with transverse separation R i = | R i |. The scattering amplitude for two onium states can then be reconstructed from the dipole-dipole amplitude after folding with the appropriate wave-functions for the onia,
The mass of an onium state with wave function ψ is expected to be of the order of the inverse of its average radius,
The geometrical parameters of the configuration can be related to the energy scales by the relation The formulation of the Gauge/Gravity correspondence that we want to use relates the Wilson loop correlator in formula (2.1) to the solution of a minimal surface problem in the bulk of the dual 5-dimensional space. This rule has been applied for scattering amplitudes to various dual geometries [8, 9, 10] . The determination of the minimal surface in a given gravity background is in general a difficult mathematical problem. However, there are known situations where the minimal surfaces can be obtained analytically, in particular for the case of the AdS/CFT correspondence between the N = 4 SYM gauge theory and the AdS 5 geometry. In order to avoid the complications related to the Minkowskian signature [32] , it is convenient to exploit the Euclidean version of the correspondence, and then to reconstruct the relevant correlation function C M from its Euclidean counterpart C E by means of analytic continuation [33, 34, 35, 36, 37] . The Euclidean approach has already been employed in the study of high-energy soft scattering amplitudes by means of non perturbative techniques [8, 9, 10, 50, 51] , including numerical lattice calculations [52, 53] .
The Euclidean normalized connected correlation function is defined as 5) where W i are now Euclidean Wilson loops evaluated along the straight-line paths The physical correlation function C M in Minkowski space is obtained by means of the analytic continuation [33, 34, 35, 36, 37] 
from the Euclidean correlator C E . To be more precise, the two quantities are related through the analytic continuation relation where the analytic continuation of C E is performed starting from the interval θ ∈ (0, π) for the Euclidean angle (the restriction to positive values of χ and to θ ∈ (0, π) does not imply any loss of information, due to the symmetries of the two theories). It is worth mentioning that combining the analytic-continuation relation (2.7) with the symmetries of the Euclidean theory one can derive non-trivial crossing-symmetry relations for the Minkowskian loop-loop correlator [38, 39] ,
These relations allow to decompose the amplitudes in crossing-symmetric and crossingantisymmetric components as follows,
In the next Section we will describe how the Wilson-loop correlator is related to minimal surface solutions via the AdS/CFT correspondence. The result will be used to estimate the high-energy elastic dipole-dipole scattering amplitude in N = 4 SYM gauge theory, in the appropriate kinematic range where the planar (large-N c ) approximation is expected to be valid.
Wilson loop correlators from AdS/CFT
Within the AdS/CFT correspondence, the correlators of Wilson loops in the gauge theory, such as those of Eq. (2.1), are related to a minimal surface in the bulk of AdS 5 having as boundaries the two Wilson loops, which corresponds to minimizing the Nambu-Goto action. The analytic solution of a minimal surface problem in Euclidean space (the socalled Plateau problem) is in general a highly nontrivial mathematical issue, and it is even more so in a non flat metric such as AdS 5 . For our purpose, an analytic solution is required in order to adequately perform the Euclidean-to-Minkowskian analytic continuation.
Our guiding line, following Ref. [8] , is that the solution simplifies provided the impact parameter distance L ≡ | b| ≫ R 1 , R 2 . Indeed, when L R 1 , R 2 there exists a connected minimal surface with the sum of the two loops as its disjoint boundary (see e.g. [54] ), although its explicit expression is difficult to obtain. However, when L ≫ R 1 , R 2 the minimal surface has two independent, (quasi-)disconnected components: in order to calculate the correlator one then exploits, as in Ref. [55] , the explicit solutions corresponding to the two loops connected by the classical supergravity interaction, i.e., by the exchange (see Fig. 2 ) between them of the lightest fields of the AdS 5 supergravity, namely the graviton, the anti-symmetric tensor and the dilaton, which are massless, and the tachyonic KaluzaKlein (KK) scalar mode. This is the case we consider here, using the large-L behavior of the dipole-dipole impact-parameter amplitude evaluated in [8] , with a generalization to unequal dipole sizes. As we have already pointed out, we start from the Euclidean formulation of the problem, and so we consider minimal surfaces in AdS 5 with Euclidean metric in order to obtain the Wilson-loop correlation function in N = 4 SYM theory in Euclidean space.
Let us recall the main results of [8] and describe briefly how one determines the leading dependence on the impact parameter L and on the rapidity χ of the various phase shifts (corresponding to the various exchanges of supergravity fields), together with the dependence on the size of the dipoles. For L ≫ R 1 , R 2 , and in the weak gravitational field domain, the Euclidean normalized connected correlation function has the form 1) where S N G is the Nambu-Goto action, α ′ = 1/ √ 4πg s N c and g s is the string coupling. Here
δψ is the coupling of the world-sheet minimal surfaces attached to the two Wilson loops to the supergravity field ψ. Moreover, τ i is the proper time on world-sheet i = (1, 2), and z 1,2 are the fifth coordinates of points X, X ′ in AdS 5 , namely
For the relevant four-dimensional vectors we use the notation
where σ i (z i ) is determined by inverting the solution of the minimal surface equation
are given by [26, 27] 
In Eq. (3.1), G ψ (X, X ′ ) is the Green function relevant to the exchange of field ψ, which depends only on invariant bitensors and scalar functions [56] of the AdS invariant
By the change of coordinates v + = τ 2 sin θ, v − = τ 1 − τ 2 cos θ, one allows [8] the dependence on θ to drop from G ψ (X, X ′ ), so that it can be read off directly from the couplings. One is then able to isolate the leading dependence on L and R i by performing the rescaling
we obtain a factor L 2 /z 1 max z 2 max in front of the integrals, and we find the leading term in u to be L 2 /z 1 max z 2 max times a function of the new integration variables. Working out the Green functions and the couplings corresponding to the exchange of the various supergravity fields, and performing the remaining integrals, it is found that the leading dependence (the "leading" term in θ is understood as the leading term in χ after analytic continuation, see below) on θ, L and R i for the various terms of (3.1) is the following 1 : 6) factorizing explicitly the angular dependence from the rest. In (3.6) we keep track of the different dipole sizes. To be complete, the factors κ ψ for each supergravity field are given by (see formulas (34, 38, 49, 58) of [8] )
where the last constant is yet to be determined, and for the graviton field
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The string coupling g s is related to the gauge theory coupling by g 2 YM = 2πg s . Performing now the analytic continuation θ → −iχ, leading to the phase shifts iδ ψ ≡δ ψ (θ → −iχ), one finally obtains for the Minkowskian correlation function
where δ ψ are given by
Since the functions a ψ depend only on the combination
of the moduli of the impact parameter and of the dipole sizes R i , we will sometimes write C M ≡ C M (χ, L; R 1 , R 2 ). We notice that under crossing, i.e., under χ → iπ − χ, the phases δ S , δ D and δ G are symmetric, while δ B is antisymmetric. One has then for the definite-signature quantities in (2.9) the expressions C 
AdS/CFT domain of validity

The weak field constraint
The range of validity of the calculations above is determined by requiring [8] that the effect of the gravitational perturbation δG tt generated by each of the string world-sheets on the other one is smaller than the background metric G tt , therefore ensuring that one is actually working in the weak-field limit. Considering the effect of world-sheet 2 on worldsheet 1 (see Fig. 2 ) the strongest constraint is obtained from the evaluation of the maximal gravitational field produced at the point τ 1 = 0, where the distance between the loops is minimal. The weak gravitational field requirement reads
where G tt is the background metric term coming from the AdS 5 Fefferman-Graham parameterization. In order to find the explicit expression of condition (4.1), we note that the phase shift in (3.1) can be also interpreted as an integral over the string world-sheet 1 (at θ = 0) of the corresponding supergravity field ψ(X ′ ) produced by the other, tilted world-sheet 2 (at θ), namely
Applying this generic equation to the specific dominant graviton contribution, one writes the graviton coupling by expanding the Nambu-Goto action, namely
where h ab is the induced metric on world-sheet 1, and we have retained only the dominant part of the field after analytic continuation θ → −iχ. The field produced at the point τ 1 = 0 by the second (tilted) world-sheet is then given by
where the correlation function
is given [57] in terms of the functions G(u) ∼ (3/32π 2 ) · 1/u 4 and H(u) ∼ (−1/48π 2 ) · 1/u 2 for large u, where u is the AdS invariant (3.5). Using u(
one then performs the rescaling τ 2 → τ 2 /L, z 2 → z 2 /z 2 max , with z 2 max ∝ R 2 , and finds the constraint
This constraint is most restrictive when evaluated at z 1 = z 1 max ∝ R 1 , which is as far as the string world-sheet extends into the 5th dimension of AdS 5 , see Fig. 2 . Performing the analytic continuation θ → −iχ, and interchanging the rôles of the two world-sheets by switching the subscripts 1 and 2 in the results above in order to get the maximal constraint, one finally obtains
, (4. 8) and in this region the phase δ G is actually small, as it should be. It is interesting to remark that the smaller the dipole size, the larger the impact-parameter region where the weak field approximation is valid, as we may expect from physical intuition. Moreover, considering the possibility of an energy-dependent dipole size inside a target, e.g. due to high density effects 2 , the size dependence may even strengthen the cross section bound (see next section 4.2) through a weaker energy dependence of the impact-parameter limit L max . Let us for instance assume an energy dependence R 2 1 ∼ R 2 2 ς −λ of the smaller dipole size: in this case one would find a weaker constraint on L,
(4.9)
2 Such an effect could mimic the high partonic density effects in QCD deep-inelastic scattering for which the dipole size R in a high density target would be of order R ∼ ς 
The elastic eikonal hypothesis
From expression (2.1) one can determine the impact-parameter partial amplitude a(χ, b) corresponding to the dipole-dipole elastic amplitude A, i.e. (suppressing the sizes of the dipoles) a(χ, b) = −iC M (χ, b). In the large-L region, following section 3, the AdS/CFT contribution reads 10) with the phase shifts specified by (3.10) . This expression can be trusted as long as the solution for the minimal surface problem is disconnected, and above all, as remarked in the preceding subsection, as long as the weak gravitational field constraint (4.8) is satisfied. Note that since expression (4.10) verifies the relation
it corresponds to a purely elastic amplitude, in agreement with the planar limit implied by the AdS/CFT correspondence. The result (4.8) calls for an important comment: it expresses a stringent constraint on the impact-parameter range due to the weak gravitational field condition required in applying the AdS/CFT correspondence. Let us now add to the discussion a possible extension of the results, obtained adopting the S-matrix point-of-view, but not a priori borne out by the dual AdS/CFT picture.
From the S-matrix point-of-view, the exponential form of (4.10) (see also (3.9)) is typical of a resummation of non-interacting (i.e., independent) colorless exchanges (on the gauge theory side) which can be taken into account in order to possibly enlarge the domain of validity of (4.10). This amounts to assume the validity of the eikonal approximation for a purely elastic scattering amplitude (see [59, 60, 61] for the eikonal approximation in QED; for QCD see e.g. [62] ). However, in the framework of the microscopic theory, i.e., the 4-dimensional gauge theory at strong coupling, there is no rigorous theoretical derivation of the eikonal formula. In fact, as a result of our previous analysis, we do not expect this independent resummation to be valid from the AdS/CFT correspondence point-of-view, since a strong gravitational field in the bulk near the relevant minimal surfaces is expected to be the seed of graviton self-interactions, which would spoil the independent emission of the gravitational eikonal formalism.
Yet, for completion, let us suppose that the eikonal formalism for the elastic amplitude may be extended in some larger phase-space region and thus examine, from the empirical Smatrix point-of-view, whether and down to which value of the impact-parameter separation the formula (4.10) could be used beyond the constraint (4.8). As a first step beyond our AdS/CFT correspondence result, one could infer from an S-matrix model formulation that the amplitude (4.10) is reliable as long as the dominant graviton-induced phase shift δ G is small. Following formulas (3.10), this means that
In fact the minimal impact-parameter value for the eikonal formula (4.10) to be physically sensible from the 4-dimensional point-of-view is more precisely
requiring the phase shift δ G ≤ π, see Eq. (3.10). This extreme minimal bound ensures that Im a tail (χ, b) be not oscillating with L: since it is just proportional, via the optical theorem, to the L-dependent partial cross section, a non-oscillating behavior is expected. Indeed, it is reasonable to expect that more and more inelastic channels would open up when going from the peripheral to the central impact-parameter domain.
From the dual gravitational point-of-view, the problem seems severe. Studies of the gravitational eikonal approximation already exist in the literature [12, 16, 17, 18, 19, 20, 24] ; however, the precise question which is relevant in our case is beyond which value in the large impact-parameter range the eikonal expression (4.10) for a purely elastic amplitude is expected to be valid. This is equivalent to ask up to what impact-parameter distance it is mainly the exchange of independent gravitons in the bulk which builds the whole amplitude. Using our minimal surface approach, we see that the limitation to a weak field approximation for the gravitational field at the tip of the minimal surfaces gives a stronger constraint than the one (4.12) coming from the S-matrix model point-of-view.
Characteristic impact-parameter scales
Let us consider a range of validity of (4.10) varying from its AdS/CFT value defined by (4.8) to its maximal S-matrix model extension (4.12). We are lead to define a characteristic distance L tail such that for L = | b| > L tail (s) the impact-parameter scattering amplitude is given by Eq. (4.10). One can then divide the whole impact-parameter space into a tail region (L > L tail ), and a core region (L < L tail ) where inelastic channels are supposed to open up. More specifically, the following regions are identified.
1. At large distances L > L max , whose exact expression is given by (4.8), the gravitational field in the bulk is weak enough, and the contribution of the disconnected minimal surface gives a rigorous holographic determination of the impact-parameter tail of the scattering amplitude.
2. At moderately large distances L min < L < L max , where L min has been defined in (4.12), the strong gravitational field is expected to generate a non zero Im δ G leading to inelastic contributions on the gauge theory side, and hence to Im a tail (χ, b) > 1 2 |a tail (χ, b)| 2 contrary to (4.11). The minimal surface is still disconnected but the gravitational field begins to become strong in some relevant region in the bulk. Nevertheless, for the sake of completeness, we will investigate what happens assuming the validity of the elastic eikonal expression up to L tail , lying somewhere in the range
3. For L connect < L < L min the elastic eikonal expression (4.10) is no more reliable, even from the S-matrix point-of-view. An eikonal formula may still be valid with an imaginary contribution to the phase shifts but it cannot be obtained through the weak gravity regime of the AdS/CFT correspondence, even if the minimal surface is still made of disconnected surfaces joined by interacting fields.
4. Finally, for even smaller distances L ≤ L connect the Gross-Ooguri transition takes place, and the minimal surface solution becomes connected. In this region, the AdS/CFT description goes beyond the interaction mediated by supergravity fields.
Region 1 and possibly part of region 2 constitute the impact-parameter tail region, while the regions 3 and 4 constitute the central impact-parameter core region. To incorporate these regions in our analysis we need to use information coming from a source other than the AdS/CFT correspondence: in practice, we will use the unitarity constraint
(4.13)
Since we know precisely a(χ, b) only in the tail region, we are able to determine only part of the full scattering amplitude, i.e., the large impact-parameter contribution A tail ,
where A core will be constrained by the unitarity bound (4.13). Exploiting this expression and (4.13), we will be able to set a lower and an upper bound on the large-s behavior of the full amplitude depending on the s-dependence of L tail . An important addendum to this discussion is related to its modification due to energydependent dipole sizes, as in (4.9). Indeed, sticking to the rigorous result coming from the AdS/CFT correspondence in the case of a dipole of given size R scattering on a dipole of energy-dependent size R(ς) ∼ Rς . This has the expected effect of enlarging the domain of elasticity and, as we shall see now, to strengthen the high-energy bound on the total cross section.
A convergence problem for Re A tail
As a preliminary, we have to discuss the convergence properties of A tail in (4.14). Performing the angular integration, one has (with q ≡ | q |)
Following expression (3.10) , at large L the integrand is dominated by the tachyonic KK scalar exchange 3 and behaves as 16) and since the imaginary part is bounded by L −3/2 , while the real part is bounded by L −7/2 , the integral is convergent as long as q = 0.
However, if one sets q = 0 directly in the integrand, since J 0 (0) = 1 one finds a logarithmic divergence in the real part of the amplitude, coming from this KK scalar contribution. One can easily isolate the divergent part by writing
The term in brackets is convergent at q = 0; to treat the other term one divides the integral as follows:
It is now easy to see that the only divergent term when q → 0 is the last one, and so we conclude
recalling the relation (2.4) between χ and s one then obtains in the high-energy limit
In fact, one should distinguish the mathematical problem of determining the real part of the amplitude from a deeper physical one concerning the AdS/CFT correspondence itself. Indeed, since the imaginary part of the amplitude is always finite in the t → 0 limit, and moreover, as we will see in a moment, also analytic in s, it is known how to obtain the real part by means of a dispersion relation, which yields a finite result. However, on the gravity side, it is as yet unclear what is the origin of this divergence, that we expect to be cancelled by effects which do not show up at the given level of supergravity approximation of the AdS/CFT correspondence. Moreover, for our purpose, the dependence on the energy is weak, coming through the dependence of L tail on s. In the following we will then discard this divergence, focusing on the dominant contribution at large s; conceptually, it may be a relevant issue, but we delay this study for the future.
5. The N = 4 SYM forward amplitude
Total cross section
We start from the imaginary part of the amplitude at t = 0, which is related to the dipoledipole elastic total cross section by means of the optical theorem. The contribution σ tail to the total cross section of the large impact-parameter region as obtained from AdS/CFT is given by
The χ-dependence at large energy induces a hierarchy between the different contributions. This hierarchy is clearly revealed after performing the change of variables
which yields (rescaling with sinh χ instead of cosh χ allows to keep manifest the symmetry under crossing, i.e., under χ → iπ − χ, of the various phase shifts in formulas (3.10))
The integral is clearly finite:
-the quantity in braces is always bounded between 0 and 2, which indeed corresponds to the unitarity constraint on the impact-parameter amplitude, -in the large λ limit the integrand behaves as λ −3 (corresponding to the KK scalar contribution to Im A tail (s, 0)).
The overall convergence is then ensured, contrary to the case of the real part. Note that the leading term (the last one in (5.3)) is crossing-symmetric, thus corresponding to "Pomeron exchange" in the S-matrix language, while the first subleading term, coming from antisymmetric-tensor exchange (the before-last one in (5.3)), is crossing-antisymmetric under χ → iπ − χ, thus corresponding to "Odderon exchange". At large energy the dominant contribution is the one from graviton exchange. Indeed, recalling the relation (2.4) between χ and s we obtain for s → ∞
where we have set
To complete the calculation of the high-energy behavior of σ tail we need to know the limit of validity of the application of AdS/CFT and thus how L tail depends on s. Let us consider the parameterization (1−6β) = ς 2−10β . Finally, for β = 1 6 a constant λ tail is found, and the integral cannot modify the s-dependence. Summarizing, we have for large s
We are now in the position to determine a lower and an upper bound on the high-energy behavior of the dipole-dipole total cross section. Since obviously σ tot > σ tail , Eq. (5.6) provides a lower bound. The overall unitarity constraint Eq. (4.13) allows one to put an upper bound on the contribution from the core region L < L tail , i.e., σ core ≤ 4πL 2 tail = 4πλ 2 0 R 1 R 2 ς 2β , and thus on the whole total cross section,
We have included here only the leading part of the tail contribution at high energy. A more rigorous way to write the β-dependent bounds on the high-energy behavior of σ tot is the following, 8) which in particular, using the value β = 2 7 coming from the weak field constraint (4.8), yields the rigorous bound
The following remarks are in order.
, corresponding to L tail /L min = const., the tail and core contributions have the same high-energy behavior. In this case λ tail (or, equivalently, µ tail ) does not depend on energy. However, one has to verify the non-oscillating behavior condition
, which corresponds to L min < L tail < L max (strictly speaking, at sufficiently high energy), the core region dominates, while the tail region gives a subleading contribution as s → ∞. The two bounds determine a window of possible power-law behaviors.
4. For the maximal value β = 2 7 , i.e., for L tail /L max = const., the total cross section behavior is constrained to be such that σ tot ≤ const. × ς 4 7 . This maximal value is determined from the requirement that the AdS/CFT correspondence can be reliably applied, i.e., that the constraint (4.12) for the gravitational perturbation to be weak is verified. In fact, this is the rigorous result obtained by means of the AdS/CFT correspondence, since for smaller β one expects inelastic contributions coming from a strong dual gravitational field.
5. One could also consider β > 2 7 , but in that case one would only obtain a weaker bound on the total cross section. Indeed, in doing so one would overestimate the contribution of the core, including in it the impact-parameter region L max < L < L tail , where the amplitude is reliably described by the eikonal AdS/CFT expression.
In the rest of this paper we will thus consider the β-dependence in the domain
The limiting values have the following characteristics: β = 1 6 is the minimal admissible value for which the eikonal approximation using real phase shifts could be valid, and 2 7 is the absolute bound coming from the AdS/CFT correspondence. Note that from Eq. (5.6) we see that Im A tail (s, 0) = ς 1+γ × (s-independent) is analytic in s, with a branch point at s = 0.
Asymptotic forward phase
A general result regarding scattering amplitudes at high-energy relates the phase ϕ of the amplitude to the leading behavior in s (see e.g. [63, 64] and references therein): for a symmetric amplitude behaving as ∼ s α at high energy one has A (+) ∼ ±s α e iπ(1− Although this result holds in general for any value of t along the "Regge trajectory" α(t), we consider here the forward amplitude. Using (5.11) for a positive signature amplitude A (+) with α = 1 + γ, and taking γ = γ(β) to be the upper bound on the exponent determined above in section 5.1, we find that at large s 12) where the phase ϕ = . Here C is a positive constant, and we fix the sign ambiguity of the amplitude by requiring the positivity of the total cross section.
The interesting outcome of these analyticity properties is that we gain a new constraint on the overall amplitude, which can help complementing the knowledge of the tail region from AdS/CFT. As an example, one may consider a "black disk model" [65] , where one assumes the eikonal approximation in the whole tail (i.e., β = 1 6 ), and a maximally inelastic ("black disk") amplitude in the core (i.e., a(χ, b) ∼ i). One then obtains the frontier between tail and core being fixed at κ G µ tail ∼ π 2 with a forward amplitude consistent with analyticity and unitarity and satisfying the constraint relation (5.10).
Subleading contributions
The expression Eq. (5.3) shows clearly the hierarchy in energy of the contributions of the various supergravity fields. Indeed, at large s, keeping only the leading contribution from each field, we have for the subleading part of the total cross section
The well-known "absorption" phenomenon appears in (5.13), since the secondary contributions are shielded by the sin
coming from the leading graviton contribution. Its natural interpretation in a S-matrix framework comes from the initial and final state elastic interactions which correct the "bare" secondary contributions.
For β > antisymmetric tensor
(5.14)
The secondary contributions in the core are neither determined nor usefully constrained by unitarity. Note that, in the limiting case β = Starting from the graviton, the intercept of the other contributions is obtained subtracting 2/3 each time. Note that, when expanding the eikonal expression, one must be aware that subleading contributions from a field with a larger intercept mix with the leading contributions of the less relevant fields.
In the "black disk model" [65] , one assumes total absorption in the core region, an thus formula (5.13) would give the whole contribution to the total cross section from subleading contributions. Hence, in that case one would determine the effective hierarchy of intercepts to be given by (5.15) with β = 1 6 . In particular, the "Odderon" contribution, via Gauge/Gravity duality, is found to have intercept 2 3 , which is less than the perturbative 1 corresponding to the exchange of 3 gluons.
Summary, discussion and outlook
Using the AdS/CFT correspondence to determine the dipole-dipole elastic amplitudes at large impact-parameter, and the constraints from analyticity and unitarity at lower impact-parameter, we study the high-energy behavior of soft amplitudes in N = 4 SYM gauge field theory. Our results can be summarized as follows.
1. In the region where the AdS/CFT correspondence is fully valid, i.e., at L > L max where the supergravity field is weak enough, we found an absolute bound σ tot < const. × ς 4 7 for the high-energy behavior of the total cross section. In the usual language of strong interactions it corresponds to the bound 11 7 for the "Pomeron intercept". This bound is governed by the graviton exchange in the dual AdS bulk.
2. Below L max , there are relevant regions in the bulk where the induced gravitational field becomes strong w.r.t. the background AdS metric. Hence, one would expect self-interacting graviton exchanges, which could spoil the elastic eikonal expression.
3. The upper bound is strengthened to give σ tot < const. × ς 2β , if one adopts the hypothesis of validity of the eikonal approximation in the impact-parameter region L > L tail ∝ ς β , with 1 6 < β < 2 7 , thus using independent graviton exchange even when strong gravitational perturbations appear in the bulk.
4. The eikonal approximation with independent graviton exchange cannot be valid below an impact-parameter L min ∼ ς 1 6 , from the physically motivated requirement of nonoscillating cross sections. For this value, the core and the tail contributions to the impact-parameter amplitude have the same power in energy, transforming the bounds into a prediction σ tot ∼ ς 1 3 , i.e., a "Pomeron intercept" equal to 5. The real part of the forward amplitude coming from the AdS/CFT determination contains a divergence which can be got rid of using dispersion relations. However, it points towards a necessary completion of the AdS/CFT correspondence beyond the exchange of the tachyonic KK scalar mode.
In order to obtain these results, we made use of the minimal surface formulation of the AdS/CFT correspondence of Ref. [8] . The elastic amplitudes at large impact-parameter are combined with analyticity and unitarity constraints to evaluate the behavior of the total cross sections. It is useful to compare our results obtained using this method with the other existing approaches. The absolute bound we obtain is a new result, which is linked to the precise derivation of a weak gravitational field limitation of the AdS/CFT correspondence in the supergravity formulation. We note that the upper bound σ tot < const. × ς 4 7 necessarily restricts the total cross section to be below the bare graviton exchange contribution, namely σ tot ∼ ς 1 .
Our result appears as the analogue of the Froissart bound, but in the context of the non confining N = 4 SYM theory, since it is the combination of the unitarity bound on impact-parameter amplitudes with the determination of a precise power-like bound on the impact-parameter radius from AdS/CFT (for confining theories, this bound is logarithmic leading to the Froissart bound σ tot ∼ log 2 ς).
We remark that a more stringent bound would be obtained if one assumed the validity of the elastic eikonal approximation in a region with strong gravitational field in the bulk.
